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Chemical reactions make computations of chemically reacting � ows stiff. The degree of stiffness increases as
the Mach number decreases because the � ow timescale increases while the reaction timescales remain constant.
Thus, the computation of reacting � ows at low Mach numbers is more dif� cult than that in high Mach number.
In the present study a new implicit scheme that employs partially implicit treatment of chemical source terms
at mixed time levels has been developed. The chemical Jacobian is reduced to a partial form of the full chemical
Jacobian (a lower triangular matrix) and thus saves time in matrix inversion. In addition, robust calculation of the
reacting � ows is made possible because a negative real eigenvalue of the partial chemical Jacobian allows larger
time-step sizes than the full chemical Jacobian. For applications at all Mach numbers, a preconditioned lower
upper symmetric Gauss–Seidel scheme employing an approximate � ux Jacobian splitting is incorporated. For
high-Mach-number � ows the partially implicit scheme maintains similar convergence rates to the fully implicit
one; therefore, it enhances computational ef� ciency by reducing computing time per iteration. For low-Mach-
number reacting � ows it also enables robust calculation of reactions as well as the fully implicit one; however, its
convergence rate is rather slow. Furthermore, more stable and ef� cient computations are possible when the fully
implicit scheme is coupled with the partially implicit one.

Nomenclature
A = � ux Jacobian for the » direction
A§ = � ux-split Jacobian for the » direction
B = � ux Jacobian for the ´ direction
B§ = � ux-split Jacobian for the ´ direction
Ci = mole concentrationof species i
C p = coef� cient of speci� c heat at constant pressure
Cv;i = coef� cient of speci� c heat at constant

volume for species i
c = sonic speed
E = convective � ux in the » direction
Ev = viscous � ux in the » direction
F = convective � ux in the ´ direction
Fv = viscous � ux in the ´ direction
H = total enthalpy
H = axisymmetric convective � ux
Hv = axisymmetric viscous � ux
h i = static enthalpy of species i
J = Jacobian of grid transformation
k = turbulent kinetic energy
kb;k = backward reaction rate for the kth reaction
k f;k = forward reaction rate for the kth reaction
L1; j = chemical � rst loss term
L2; j = chemical second loss term
M = Mach number
M = modal matrix of � ux Jacobian
NR = total number of reaction steps
NS = total number of species
p = pressure
patm = atmospheric pressure
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pg = gauge pressure
Q i = chemical production term
Q = primary dependent vector
R = gas constant
R = full chemical Jacobian matrix
Rp = partial chemical Jacobian matrix
T = gas temperature
t = time
U = contravariant velocity in the » direction
u = velocity in the x direction
V = contravariant velocity in the ´ direction
V = viscous � ux Jacobian
v = velocity in the y direction
W = source term vector
Yi = mass fraction of species i
0 = preconditioningmatrix
" = turbulent dissipation rate
"i = internal energy of species i
"p = preconditioningparameter
· = dissipation parameter
º j;k = stoichiometric coef� cient of species j for reaction k
»; ´ = generalized coordinates
½ = density
!i = � nite rate source term for species i

Subscripts and Superscripts

i = index for the » direction and species
j = index for the ´ direction and species
k = index for reaction
n = index for iteration count

Introduction

T HE computation of chemically reacting � ows shows stiffness
caused by chemical reactions. The chemical stiffness arises

because of difference between characteristic timescales. A large
spectrum of timescales appears as reactions evolve, and chemical
timescalesaregenerallysmaller than the � ow timescales.The differ-
ence betweenchemicaland� ow timescaleshas a direct relationwith
the Mach number because the chemical timescales remain constant,
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whereas the � ow timescalesincreaseas theMach numberdecreases.
This chemical stiffness forces implicit treatment of chemical source
terms.

However, the implicit treatment of the chemical source terms in-
curs dif� culties in numerical computation. First, the eigenvalues
of the chemical Jacobian sometimes show positive real eigenvalues,
whichcan causenumericalinstability.1 Also, there is an inherentdis-
advantage of additional computational time in matrix inversion. In
particular, in the lower–upper symmetric Gauss–Seidel (LU-SGS)
scheme employing approximate � ux Jacobian splitting2 its innate
merit of “matrix-free” manipulation disappears. Therefore, an im-
proved method capable of maintaining the numerical stability as
well as facilitating computational ef� ciency has been required. For
this purpose present study incorporates an approximate chemical
Jacobian and also applied a preconditioned scheme that modi� es
the time-derivativeterms of equationsso that the differencebetween
� ow and acoustic timescales remains bounded in the computation
of low-Mach-number � ows.

To enhance numerical ef� ciency of the LU-SGS scheme, sev-
eral simpli� ed chemical Jacobianshave recentlybeen suggested.3 5

Among them, Eberhardt and Imlay3 derive a diagonalizedchemical
Jacobian that has the form of a diagonal matrix, whose diagonal
terms are the L2 norms of the full chemical Jacobian. Edwards4

also suggests a column-wise approximate factorization procedure
for the chemical Jacobianmatrix. Their study shows ef� ciency gain
in high-Mach-number � ows. Kim et al.5 introduce two types of
partial chemical Jacobian by treating the chemical source terms
at mixed time levels. In this approach the chemical source terms
are treated in a partially implicit fashion. They also apply partial
chemical Jacobians to constant volume reaction and shock-induced
combustion.

The preceding methods, however, have been applied only in su-
personic reacting � ows. In subsonic reacting � ows the computation
of reacting � ows is more dif� cult because the discrepancybetween
� ow and chemical timescales is larger. Furthermore, the positive
eigenvalues of the chemical Jacobian matrix sometimes aggravate
the ef� ciency of implicit schemes. Accordingly, this study presents
a partially implicit preconditionedLU-SGS scheme for computing
a wide range of Mach-number reacting � ows by incorporating the
partial Jacobian concept. In addition, it is shown that the present
method can be used for robust treatment of the instability because
of the positive eigenvalues that arises in many low-Mach-number
reacting � ow computations.

First, a constant volume reaction is considered to examine the
accuracyand the effectsof the partial Jacobianon the chemical stiff-
ness.Then the preconditioningtechniqueofVenkateswaranet al.6 is
applied to the partially implicit technique for ef� cient computation
of reacting � ows at all speeds. Four test cases—a shock-induced
combustion of Lehr,7 a planar reacting shear layer measured by
Chang et al.,8 a laminar hydrogen air � ame of Fukutani et al.,9 and
a laminar methane air � ame of Mitchell et al.10—are investigated
to validate the presentmethod. The convergencehistories and time-
step limitations of the partially implicit scheme are also illustrated
and compared with those of the fully implicit one.

Partially Implicit Treatment of Chemical Source Terms
In this section the partial Jacobians are derived and applied to a

constant volume reaction. In a fully implicit scheme the chemical
source terms are evaluatedat the advanced(n C 1) time level.On the
other hand, the partially implicit scheme needs some of the (n C 1)
time level values to be evaluated at the (n) time level, and thus
(n C 1)and (n) time levelsare simultaneouslyusedfor theevaluation
of chemical source terms. Such mixed time levels result in partial
chemical Jacobians, subsets of the full chemical Jacobian. Among
many partial chemical Jacobians, two of them are mathematically
important:
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The rightmost term of Eqs. (1) and (2) representthe Gauss–Seidel
and Jacobi partial chemical Jacobians whose names originate from
iterative methods5 and have the forms of a lower triangular matrix
and a diagonal matrix, respectively.

The Gauss–Seidel partial chemical Jacobian of Eq. (1) can
have different components depending on the species ordering. The
species ordering is determined through a linear stability analysis.5

Therefore radical species such as H, O, HO2, and H2O2 should be
located in the rear part of the primary dependent vector. However,
the species ordering may not affect the performance of the partial
chemical Jacobian if the time-step size is the same as that of the
scheme with the full chemical Jacobian.

In the present study the species ordering is chosen to be fH2 , O2,
OH, H2O, H, O, HO2, H2O2g, which is the same as in the previous
research.5 Here, only the Gauss–Seidel partial chemical Jacobian is
used becauseof the time-step limitationof the Jacobi partial chemi-
cal Jacobian.5 Hereafter,theGauss–SeidelpartialchemicalJacobian
is referred to as the partial chemical Jacobian and the scheme with
the partial chemical Jacobian as the partially implicit scheme. In a
similar sense the scheme with the diagonalized chemical Jacobian
is referred to as the diagonally implicit scheme.

As a representative of a constant volume reaction, the adi-
abatic hydrogen–oxygen reaction is selected. Initial conditions
are set to 10 atm and 1200 K. The chemistry mechanism used
in this case is GRI Mech. V2.11 (data available on-line at
http://www.me.berkeley.edu/gri-mech/) includingeight speciesand
24 reaction steps model. The governing equations for constant
volume reactions are given as
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The discretized form of the equations is as follows:

.1=1t R/n1Yn C 1 D f n ; 1Yn C 1 D Yn C 1 Yn (4a)

where

Y D [C1; : : : CNS; T ]T (4b)

and f is the source term vector including the species and energy
sources. The full chemical Jacobian R is replaced by the partial
chemical Jacobian Rp , when the partially implicit scheme is used.

Figures 1a and 1b show temperaturehistoriesat various time-step
sizes using partial, diagonalized,and full chemical Jacobians.With
the full chemical Jacobianan accurate solution is produced with the
time-step size of 10 2 ¹s, while it diverges with the time-step size
above 10 2 ¹s. Figure 1 also shows that computationswith Gauss–

Seidel partial or diagonalized chemical Jacobians are possible at
larger time-step sizes although their accuracy deteriorates at larger
time-step sizes. The temperature discrepancies of the partial and
diagonalizedschemeswith large time-stepsizes can be explainedby
nonconservationof mass as a result of the time level inconsistencyin
the chemical sourceterms.5 Nevertheless,Fig. 1 shows theenhanced
stability of the partial and diagonalizedchemical Jacobians.

The partial chemical Jacobian characteristics can be analyzed
more accurately by tracing the eigenvalues of the chemical source
terms, as shown in Fig. 2. The eigenvalues of the full chemical
Jacobian matrix are complex, and their real parts vary from 102

to 108 as reactions progress. For time integration the sign of the
eigenvaluesis more important. Preferable time-integrationmethods
differ dependingon the sign of the eigenvalue.1 For the negativereal
eigenvalue it should be treated in an implicit manner, whereas an
explicit treatment is preferred for positive eigenvalues. If complex
eigenvalues appear, explicit treatment is used only for the posi-
tive real values. In chemical reactions all types of eigenvalues ap-
pear, as shown in Fig. 2. Therefore, to obtain optimum stability the
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Fig. 1a Temperature time histories of the constant volume reaction
with the partially implicit method.

Fig. 1b Temperature time histories of the constant volume reaction
with the diagonally implicit method.

chemical Jacobian matrix has to be decomposed according to the
sign of the eigenvalue.1;7 However, the Jacobian matrix splitting is
time consuming because the eigenvalue signs and magnitudes vary
as reactions progress. Furthermore, it is also impossible to obtain
analytically the eigenvalues of the source term.

However, unlike the full chemical Jacobian, the partial chemical
Jacobian has only negative real eigenvalues because of its lower
triangular matrix form. This can be simply shown if the chemical
source terms are rearranged as the sum of production Q i .Y j; j 6D i /
and loss terms Yi L1;i .Y j; j 6D i / C Y 2

i L2;i .Y j; j 6D i /, as follows:
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Fig. 2 Eigenvalues of the chemical Jacobian for the constant volume
reaction.
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Thus, the computation with the partial chemical Jacobian is more
stable than that with the full chemical Jacobian and allows larger
time-step sizes as shown in Fig. 1. We expect that the enhancedsta-
bility of the partial chemical Jacobian helps the robust computation
of the multidimensional reacting � ows.

Numerical Formulations
Among many schemes for reacting � ow computations, time-

derivative preconditioning methods6;11;12 are widely used because
they are able to calculate � ows at all Mach numbers. In the present
study the partial chemical Jacobian is incorporatedinto a precondi-
tioned equation to enhance stability characteristicsas well as to ob-
tain computationalcapabilitiesover a wide rangeof � ow conditions.

Governing Equations
The vector form of the equations of motion for turbulent chemi-

cally reacting � ows in the generalized axisymmetric coordinates is
as follows:

0
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C Hv C W (6)

Detailed descriptions of the vectors can be found in Ref. 11.
Various preconditioning matrices6;11;12 have been suggested for

chemically reacting � ows. Among them, the preconditioning ma-
trix developed by Choi and Merkel13 and applied to reacting � ows
by Venkateswaran et al.6 is used in this study. The matrix offers
time advantage in performing matrix inversion because of its lower
triangular matrix form. The primary dependent vector Q and the
preconditioningmatrix C are as follows:
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where the gauge pressure pg is de� ned as pg D p patm . For the op-
timumconditionnumber thepreconditioningparameter"p is de� ned
as follows:

"p D Min [1; Max.M2; 10 10/] (8)

Spatial Discretization
Convectiveterms are expressedas differencesbetweennumerical

� uxesat thecell interfaces.The numerical� uxescontainingarti� cial
dissipation are formulated using Roe’s type of the � ux difference
splittingmethod.14 The � ux vectorat the cell interface in » direction
can be written as

Ei C 1
2 ; j D 1

2 [E.Qi C 1/ C E.Qi / jA.Qi C 1; Qi /j.Qi C 1 Qi /] (9)

Here, jAj implies the � ux Jacobian matrix composed of absolute
eigenvalues, de� ned as jAj D C MjK jM 1. The detailed formula-
tions of numerical dissipation in Eq. (9) are as follows:
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Here the modal matrix M is obtained by expanding from Buelow15

to multispecies component. To satisfy the second law of thermody-
namics, the entropy � xing functionby Montagneet al.16 is also used
in the presentstudy. To extend the upwind scheme to a higher order,
the monotone upstream-centered schemes for scalar conservation
laws scheme is used for the extrapolationof primitive variables at a
cell interface.

Time Integration
If an Euler implicit method is used as a basic time-integration

method, the value Q at the advanced time level (n C 1) becomes
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By using a local Taylor-series expansion, the preceding equation
can be rearranged as follows:
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where the » -directional � ux Jacobians A, the ´-directional � ux
Jacobians B, and the viscous � ux Jacobian V are documented in
Ref. 15. In the implicit terms on the left-handside, convectiveterms
are discretized by a � rst-order upwind difference method, and vis-
cous terms are discretized by a central difference method only for
»» and ´´ directions.The viscous axisymmetric Jacobian @Hv=@Q
and the species components of the inviscid axisymmetric Jacobian
@H=@Q are not consideredin current calculations.The absolute� ux
Jacobian jAj is replaced by its maximum eigenvalue,2

jAj D ·¸max.0 1A/0; · ¸ 1 (15)

Thus, exceptfor thechemicalJacobian@W=@Q the specieselements
of Ci; j forms a lower triangular matrix.

The LU-factored form of the preceding equations becomes

LD 1U D RHS (16)
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D D Ci; j ; L D Ci; j C Ci 1 C C j 1

U D Ci; j C Ci C 1 C C j C 1 (17)

In the partially implicit scheme the species elements of the diagonal
matrix D forms a lower triangular matrix, and thus it is possible to
invert the diagonalterm of the Eq. (14a) faster than the fully implicit
scheme by one order of magnitude. The partially implicit scheme
does not affect the steady-state solution because the RHS term goes
to zero if the solution converges.

Results
Shock-Induced Combustion

Shock-inducedcombustion around a blunt body is consideredas
an example of supersonic reacting � ows. The experimental condi-
tions of Lehr7 are used for the present calculation. Initial pressure
and temperature are 186 mmHg and 292 K, respectively. The pro-
jectile’s � ight Mach number is 3.55 in the stoichiometrichydrogen–

oxygen mixture. The diameter of the projectile is 15 mm. For the
combustion model a six-speciesand eight-reaction-stepsmodel17 is
used. The local time-stepping method is employed on a 60 £ 100
grid, with a Courant–Friedrichs–Lewy (CFL) number of 7. For this
supersonic case the preconditioning parameter "p is set to be one.
For the � rst 10 iterationsthe CFL number is � xed to be 0.1 to ensure
stable computation.Thus the CFL number is gradually increased to
seven.

Figure3 shows the densitycontourspredictedby the fully implicit
schemecomparedwith experimentalshadowgraphs.7 The computed
shock positionand reaction front show good agreementwith the ex-
perimental results. The results of partially and diagonally implicit

Fig. 3 Density contours of the converged solution on a 60 £ £ 100 grid
compared with Lehr’s shadowgraph.7

schemesare identicalto thatof the fully implicitone; therefore,those
arenotpresented.The convergencehistoriesof the threemethodsare
presentedin Fig. 4. The convergencehistoryof the partially implicit
scheme is nearly identical to that of the fully implicit one, but the
diagonalschemeshowsa stagnantbehaviorafterconvergingto a cer-
tainerror level.Relativeto the fully implicitscheme, thepartiallyim-
plicit scheme saves computational time per iteration by about 20%.

Planar Reacting Shear Layer
The planar reacting shear layer of Chang et al.8 is calculated as

an example of subsonic reacting � ows. Here, the lower airstream
conditions are U1 D 390 m/s and T1 D 811 K. The upper stream is
composed of 96.06% N2 and 3.94% H2 by mass with U2 D 140 m/s
and T2 D 366:5 K. A hydrogen torch is implemented to sustain
combustion. The condition at the centerline with 1-mm width are
T D 1250 K, 77.7% N2, 1.3% H2, 21% O2, and U3 D 140 m/s. The
corresponding Mach numbers of the two streams are 0.68 and 0.4,
respectively.For the reaction mechanism the GRI nine-speciesand
25-reaction-stepsmodel is used. The CFL number is 30 in the linear
convergenceregimes, and the grid density is 65 £ 65 with clustering
near the centerline. The computed velocity pro� les are compared
with experimental data at several locations from the splitter edge in
Fig. 5. The spreadingrate is underpredicted,as in earlier studies.6;12

Fig. 4 Convergence histories of shock-induced combustion on a
60 £ £ 100 grid. (CFL number is seven, and the local time step is used.)

Fig. 5 Axial velocity pro� les of the reacting shear layer on the 65 £ £ 65
grid.
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Fig. 6 Convergence histories of the fully, partially, and diagonally
implicit schemes for a planar reacting � ow.

Fig.7 Comparisonof thecomputedOH mole fractionandtemperature
pro� les with the data from Fukutani et al.9 at 2 mm from the nozzle.

Figure 6 shows the convergence histories of three schemes. The
partially implicit scheme shows the same convergence rate as the
fully implicit one, but the diagonal scheme shows a stagnant be-
havior. Such convergence characteristics are similar to those of
shock-inducedcombustion.In this case the partiallyimplicit scheme
reduces computing time by approximately 8%.

Laminar Diffusion Flames
As an additional example of subsonic � ows, hydrogen-air diffu-

sion � ames are considered.The hydrogen air � ame is calculated for
the experimentalconditionsof Fukutani et al.9 Hydrogen is injected
at a rate of 34 ml/s from a 1-cm-diam nozzle, and the air� ow rate
from a 4-cm-diam nozzle is 340 ml/s. The Mach number of the fuel
jet is 2:9 £ 10 4 . The GRI 9-species and 25-reaction-stepmodel is
used. For the ignition the fuel temperature is � xed to 2000 K at
the � rst iteration. Although several other methods of ignition are
performed, similar convergence behaviors to the present one were
observed. The transport properties are calculated every three itera-
tions in order to save computing time.

Figure 7 shows the measured and the predicted temperatures and
OH mole fractions. The discrepanciesin the fuel side can be noted,
and these are also observed in the calculation of Fukutani et al.,9

Fig. 8 Convergence histories of computations of frozen and reacting
� ows with the fully, partially, diagonally, and coupled (fully and par-
tially) implicit schemes for hydrogen-air diffusion � ame. The local time
step is used on a 60 £ £ 50 grid.

Fig. 9 CFL numbers of the fully, partially, and diagonally implicit
schemes in the computation of a hydrogen-air diffusion � ame.

which may be causedby lip thicknessor inaccurate inlet conditions.
Despite the differences,the predictionsshow satisfactoryagreement
with the experimental data.

Figure 8 shows the convergence histories of the fully, partially,
and diagonally implicit schemes compared with those for a nonre-
acting � ow. The convergence rate of the partially implicit scheme
is slower than that of the fully implicit one, and there appears
long nonlinear initial behavior regardless of the schemes. During
this nonlinear period, the CFL numbers are severely restricted as
shown in Fig. 9. However, after this period the CFL number re-
covers to the optimum value of eight, and the convergence rates
show nearly linear behaviors. In the linear stage the convergence
rate of the partially implicit scheme is slower than that of the fully
implicit scheme. However, during the nonlinear phase the partially
implicit scheme can enhance numerical stability by alleviating the
time-step limitation. The allowed time-step sizes of the partially
implicit scheme are 10 times larger than those of the fully implicit
one. Such behavior coincides with the results of the constant vol-
ume reaction, in which the calculation with the partial chemical
Jacobian allows larger time-step sizes. Therefore, the partially im-
plicit scheme is robust in the presence of strong chemical reac-
tions.
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Such enhancedrobustnesssuggests that more stable and ef� cient
computationsare possiblewhen the fully implicitscheme is coupled
with the partially implicit one. As an example, the computation is
performed with the partially implicit scheme for the � rst 1800 it-
eration numbers and then proceeds with the fully implicit one. As
shown in Fig. 8, this coupled implicit scheme is able to calculate
chemical reactions more robustly than the fully implicit scheme
during the initial nonlinear stage. The coupled scheme shows the
same convergence rate during the linear stage and thus reduces the
total computing time by approximately15%. This saving rate, how-
ever, decreases if the transport properties are calculated at every
iteration.

The partially implicit scheme was applied to more complicated
reactionmechanismsby calculatinga laminarmethane-airdiffusion
� ame involvinga chemical Jacobianmatrix of high dimension.The
methane-airdiffusion� ame calculationis conductedunder the con-
dition of Mitchell et al.10 Methane is injected at the rate of 5.7 cc/s
from a 0.653-cm-diamnozzle, and the air� ow rate from a 2.54-cm-
diam nozzle is 187.7 cc/s. The Mach number of the fuel jet is 10 4.
The reactionmodel consistsof 17 species58 reactionstepsof Bilger
et al.18 The carbon compound species are located in the front side
of the primary dependent vector.

Figure 10 shows the measured and the predicted temperatures
and the mole fractions of some species.The discrepanciesin the air
side are also observed in the calculation of Venkateswaran et. al.6

Figure 11 shows the convergencehistories and CFL numbers of the
fully implicit schemeand the partiallyimplicit schemecoupledwith

Fig. 10 Experimental data10 and prediction with Bilger et al.’s
58-reaction-steps model18 for a methane-air diffusion � ame.

Fig. 11 CFL numbers and convergence histories of the fully and cou-
pled implicit schemes for a methane-air diffusion � ame.

the fully implicit scheme. Nonlinear initial behavior is observed as
in the hydrogen-air � ame. In this computation the partially implicit
scheme is changed to the fully implicit scheme after 900th iteration.
The time-step sizes of the partially implicit scheme during initial
iterations,shown in Fig. 11, are larger than thoseof the fully implicit
scheme. Thus, the robustnessof the partially implicit scheme is ev-
ident. With the coupled scheme the total computing time is reduced
by 15%.

Conclusions
For ef� cient and stablecomputationof chemicallyreacting� ows,

a partially implicit scheme has been developed and applied to var-
ious reacting � ows ranging from subsonic to supersonic � ows in
conjunctionwith the time-derivativepreconditionedequations.The
partially implicit schemehas the advantageof mitigating the chemi-
cal stiffnessand thus allows stablecomputationand larger time-step
sizes.

Its performancedependson the � ow Machnumber. In high-Mach-
number� ows suchas shock-inducedcombustionandplanarreacting
� ows, the partially implicit scheme has the nearly identical conver-
gence characteristics with the fully implicit scheme and thus can
save computational time caused by ef� cient matrix inversion. On
the other hand, in low-Mach-number � ows the convergence rate of
the partially implicit scheme rather slows down compared with that
of the fully implicit scheme. However, the partially implicit scheme
can still alleviate the strong chemical stiffness, and this robustness
allows less-restricted time-step sizes in the initial stages of the re-
actions. Furthermore, more robust and ef� cient computations are
possible if the fully implicit scheme is coupled with the partially
implicit one.
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